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ON METRIC CONNECTIONS WITH TORSION ON THE
COTANGENT BUNDLE WITH MODIFIED RIEMANNIAN
EXTENSION
LOKMAN BILEN AND AYDIN GEZER
Abstract. LetM be an n−dimensional differentiable manifold equipped with
a torsion-free linear connection ∇ and T ∗M its cotangent bundle. The present
paper aims to study a metric connection ∇˜ with nonvanishing torsion on T ∗M
with modified Riemannian extension g∇,c. First, we give a characterization
of fibre-preserving projective vector fields on (T ∗M,g∇,c) with respect to the
metric connection ∇˜. Secondly, we study conditions for (T ∗M,g∇,c) to be
semi-symmetric, Ricci semi-symmetric, Z˜ semi-symmetric or locally conhar-
monically flat with respect to the metric connection ∇˜. Finally, we present
some results concerning the Schouten-Van Kampen connection associated to
the Levi-Civita connection ∇ of the modified Riemannian extension g∇,c.
Mathematics subject classification 2010. 53C07, 53C35, 53A45.
Key words and phrases. Cotangent bundle, fibre-preserving projective vec-
tor field, metric connection, Riemannian extension, semi-symmetry.
1. Introduction
Let (M,∇) be an n−dimensional differentiable manifold equipped with a torsion-
free linear connection ∇. Denote by T ∗M the cotangent bundle of M and let pi
be the natural projection T ∗M → M . The vertical distribution V on T ∗M (V is
the kernel of the submersion T ∗M → M), which is the integrable distribution. If
M is a paracompact manifold there exists a C∞−distribution H on T ∗M which is
supplementary to the vertical distribution V , such as the Whitney sum TT ∗M =
HT ∗M ⊕ V T ∗M holds.
For the torsion-free linear connection∇ onM , the cotangent bundle ofM , T ∗M ,
can be endowed with a pseudo-Riemannian metric g∇ of neutral signature, called
the Riemannian extension of ∇, given by
g
∇
(HX,H Y ) = 0
g
∇
(HX,V ω) = g
∇
(V ω,H X) = ω(X)
g
∇
(V ω,V θ) = 0
where HX and HY denote the horizontal lifts of the vector fields X and Y , and
V ω and V θ denote the vertical lifts of the covectors (1−forms) ω and θ. Thus,
the Riemannian extension of (M,∇) is a pseudo-Riemannian manifold (T ∗M, g
∇
).
Riemannian extensions were first defined and studied by Patterson and Walker
[16] and then investigated in Afifi [2]. Moreover, Riemannian extensions were also
considered in Garcia-Rio et al. [7] in relation to Osserman manifolds (see also
Derdzinski [5]). For further references relation to Riemannian extensions, see [1,
6, 10, 15, 21, 22, 23]. Classical Riemannian extensions have been generalized in
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several ways, see, as an example [13]. In [3, 4], the authors introduced another
generalization which is called modified Riemannian extension. For a symmetric
(0, 2)-tensor field c on (M,∇), this metric is given by g
∇,c = g∇ + pi
∗c, that is,
g
∇,c(
HX,H Y ) = c(X,Y )
g∇,c(
HX,V ω) = g∇,c(
V ω,H X) = ω(X)
g∇,c(
V ω,V θ) = 0.
In this paper, we consider a metric connection ∇˜ with nonvanishing torsion on
the cotangent bundle T ∗M with modified Riemannian extension g
∇,c. First, we give
a necessary and sufficient condition for a vector field on (T ∗M, g∇,c) to be fibre-
preserving projective vector field on T ∗M with respect to the metric connection ∇˜.
This condition is represented by a set of relations involving certain tensor fields on
M . Secondly, we investigate the conditions for the cotangent bundle (T ∗M, g∇,c)
to be semi-symmetric, Ricci semi-symmetric, Z˜ semi-symmetric and locally con-
harmonically flat with respect to the metric connection ∇˜. Finally, we show that
the Schouten-Van Kampen connection associated to the Levi-Civita connection ∇
of the modified Riemannian extension g∇,c is equal to the horizontal lift
H∇ of
the torsion-free linear connection ∇ to T ∗M and present a result concerning the
curvature tensor of the Schouten-Van Kampen connection.
The manifolds, tensor fields and geometric objects we consider in this paper are
assumed to be differentiable of class C∞. Einstein’s summation convention is used,
the range of the indices h, i, j, k, l,m, r, being always {1, ..., n}.
2. Preliminaries
We refer to [24] for further details concerning the material of this section. Let M
be an n−dimensional differentiable manifold with a torsion-free linear connection
∇ and denote by pi : T ∗M → M its cotangent bundle with fibres the cotangent
spaces to M . Then T ∗M is a 2n−dimensional smooth manifold and some local
charts induced naturally from local charts on M , may be used. Namely, a system
of local coordinates
(
U, xi
)
, i = 1, ..., n on M induces on T ∗M a system of local
coordinates
(
pi−1 (U) , xi, xi = pi
)
, i = n+ i = n+ 1, ..., 2n, where xi = pi is the
components of covectors p in each cotangent space T ∗xM, x ∈ U with respect to
the natural coframe
{
dxi
}
.
Let X = X i ∂
∂xi
and ω = ωidx
i be the local expressions in U of a vector field
X and a covector field ω on M , respectively. Then the vertical lift V ω of ω, the
horizontal lift HX of X are given, with respect to the induced coordinates, by
V ω = ωi∂i,
and
HX = X i∂i + phΓ
h
ijX
j∂i
where ∂i =
∂
∂xi
, ∂i =
∂
∂xi
and Γhij are the coefficients of ∇ on M .
Next, we can introduce a frame field on each induced coordinate neighborhood
pi−1(U) of T ∗M . It is called the adapted frame and consists of the following 2n
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linearly independent vector fields {Eβ} =
{
Ej , Ej
}
:{
Ej = ∂j + paΓ
a
hj∂h
Ej = ∂j .
The indices α, β, γ, ... = 1, ..., 2n indicate the indices with respect to the adapted
frame. The Lie brackets of the adapted frame of T ∗M satisfy the following identi-
ties:
(2.1)

[Ei, Ej ] = psR
s
ijl El,[
Ei, Ej
]
= −ΓjilEl,[
Ei, Ej
]
= 0,
where R sijl denote the coefficients of the curvature tensor R of ∇ on M .
With respect to the adapted frame {Eβ}, the vector fields
V ω and HX on T ∗M
has the components
V ω =
(
0
ωj
)
and HX =
(
Xj
0
)
.
3. The metric connection with nonvanishing torsion on the
cotangent bundle with respect to modified Riemannian extension
Let us consider T ∗M equipped with the modified Riemannian extension g∇,c
for a given torsion-free connection ∇ on M . In adapted frame {Eβ}, the modified
Riemannian extension (g∇,c)βγ and its inverse (g∇,c)
βγ have in the following forms:
(3.1) (g∇,c)βγ =
(
cij δ
j
i
δij 0
)
.
(3.2) (g∇,c)
βγ =
(
0 δij
δ
j
i −cij
)
where cij are the components of the symmetric (0, 2)−tensor field c on (M,∇).
For the Levi-Civita connection ∇ of the modified Riemannian extension g∇,c,
we get:
Proposition 1. Let ∇ be a torsion-free linear connection on M and T ∗M be the
cotangent bundle with the modified Riemann extension g∇,c over (M,∇). The Levi-
Civita connection ∇ of (T ∗M, g
∇,c) is given by
(3.3)

∇E
i
Ej = 0, ∇EiEj = 0,
∇EiEj = −Γ
j
ihEh,
∇EiEj = Γ
h
ijEh + {psR
s
hji +
1
2 (∇icjh +∇jcih −∇hcij)}Eh
with respect to the adapted frame {Eβ}, where Γ
h
ij and R
s
hji respectively denote
components of ∇ and its curvature tensor field R on M (see, [8]).
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If there is a Riemannian metric g on M such that ∇g = 0, then the connection
∇ is a metric connection, otherwise it is non-metric. It is well known that a linear
connection is symmetric and metric if and only if it is the Levi-Civita connection.
The Levi-Civita connection ∇ of the modified Riemannian extension g∇,c on T
∗M
is the unique connection which satisfies∇α(g∇,c)βγ = 0 and has a zero torsion. Now
we are interested in a metric connection ∇˜ of the modified Riemannian extension
g∇,c whose torsion tensor T˜
ε
γβ is skew-symmetric in the indices γ and β. Metric
connection with nonvanishing torsion on Riemannian manifolds were introduced by
Hayden [9]. We denote components of the metric connection ∇˜ by Γ˜γαβ . The metric
connection ∇˜ satisfies
∇˜α(g∇,c)βγ = 0 and Γ˜
γ
αβ − Γ˜
γ
βα = T˜
γ
αβ .
When the above equation is solved with respect to Γ˜γαβ , one finds the following
solution [9]
(3.4) Γ˜γαβ = Γ
γ
αβ + U˜
γ
αβ ,
where Γ
γ
αβ is the components of the Levi-Civita connection ∇ of the modified
Riemannian extension g∇,c,
(3.5) U˜αβγ =
1
2
(T˜αβγ + T˜γαβ + T˜γβα)
and
U˜αβγ = U˜
ǫ
αβ(g∇,c)ǫγ , T˜αβγ = T˜
ǫ
αβ(g∇,c)ǫγ .
If we choose the torsion tensor T˜ as
(3.6)
{
T˜ rij = −psR
s
ijr ,
otherwise = 0,
with the help of (3.6), from (3.5), we find non-zero component of U˜γαβ as follows:
U˜hij=psR
s
jhi
with respect to the adapted frame. In view of (3.3) and (3.4), we have the following
proposition.
Proposition 2. Let ∇ be a torsion-free linear connection on M and T ∗M be
the cotangent bundle with the modified Riemann extension g∇,c over (M,∇). The
metric connection ∇˜ on T ∗M with respect to the modified Riemannian extension
g
∇,c satisfies
(3.7)

∇˜EiEj = 0, ∇˜EiEj = 0,
∇˜EiEj = −Γ
j
ihEh,
∇˜EiEj = Γ
h
ijEh +
1
2 (∇icjh +∇jcih −∇hcij)Eh
with respect to the adapted frame {Eβ}.
The horizontal lift H∇ of the torsion-free linear connection ∇ on M to T ∗M is
characterized the following conditions:{
H∇V ω
V θ = 0, H∇V ω
HY = 0
H∇HX
V θ = V (∇X θ),
H∇HX
HY = H(∇XY )
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for all vector fields X,Y and covector fields ω, θ onM ([24], p. 287). In the adapted
frame, the followings satisfy (see, also [1]){ H∇EiEj = 0, H∇EiEj = 0,
H∇EiEj = −Γ
j
ihEh,
H∇EiEj = Γ
h
ijEh.
From these formulas, we can readily deduce:
Proposition 3. Let ∇ be a torsion-free linear connection on M and T ∗M be
the cotangent bundle with the modified Riemann extension g
∇,c over (M,∇). The
metric connection ∇˜ on T ∗M of the modified Riemannian extension g
∇,c coincides
with the horizontal lift H∇ of the torsion-free linear connection ∇ on M if and only
if the components cij of c satisfy the condition
∇icjh +∇jcih −∇hcij = 0.
3.1. Projective vector fields on the cotangent bundle with respect to the
metric connection ∇˜. Given a linear connection ∇ on a manifold M , a vector
field V is said to be a projective vector field if there exists a 1−form θ such that
(LV∇)(X,Y ) = θ(X)Y + θ(Y )X
for any pair of vector fields X and Y on M . In particular, if θ = 0, V is an affine
Killing vector field.
Let V˜ be a vector field on T ∗M and (vh, vh) its the components with respect to
the adapted frame {Eβ}. The components v
h and vh are said to be the horizontal
components and vertical components of V˜ , respectively. As is known, a vector
field is called a fibre-preserving vector field if and only if its horizontal components
depend only on the variables (xh). Hence, one can easily say that every fibre-
preserving vector field V˜ on T ∗M induces a vector field V with components (vh)
on the base manifold M .
By straightforward calculations, we have the following.
Lemma 1. Let V˜ be a fibre-preserving vector field on T ∗M with components
(vh, vh). The Lie derivatives of the adapted frame satisfy
i)L
V˜
Ei = −
(
Eiv
k
)
Ek −
(
vapsR
s
iak + Eiv
k − vaΓ aik
)
Ek,
ii)L
V˜
Ei = −
(
vaΓ iak + Eiv
k
)
Ek,
where L
V˜
denotes the Lie derivation with respect to V˜ .
The general forms of fibre-preserving projective vector fields on T ∗M with re-
spect to the metric connection ∇˜ are given by:
Theorem 1. Let ∇ be a torsion-free linear connection on M and T ∗M be the
cotangent bundle with the modified Riemannian extension g∇,c over (M,∇). Then
a vector field V˜ is a fibre-preserving projective vector field with associated 1−form
θ˜ on T ∗M with respect to the metric connection ∇˜ if and only if the vector field V˜
is defined by
(3.8) X˜ = HV +V B + γA,
where the vector field V = (vh), the covector field B = (Bh), the (1, 1)−tensor field
A = (Ahi ) and the associated 1−form θ˜ satisfy
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(i) θ˜ = θidx
i,
(ii) ∇jA
i
k = θjδ
k
i − v
aR ijak,
(iii) LV Γ
h
ij = θiδ
h
j + θjδ
h
i
(iv) ∇i∇jBl +R
a
lji Ba +
1
2v
a∇aMijl +
1
2 (∇jv
a)Mial
+ 12 (∇iv
a)Majl −A
a
lMija = 0 (Mijl := ∇icjl +∇jcil −∇lcij)
(v) ∇i∇jA
s
l +R
a
lji A
s
a −R
s
aji A
a
l + v
a∇iR
s
jal + (∇iv
a)R sjal = 0.
Proof. A fibre-preserving vector field V˜ = vhEh+v
hEh on T
∗M is a fibre-preserving
projective vector field if and only if there exist a 1−form θ˜ with components (θ˜i, θ˜i)
on T ∗M such that
(L
V˜
∇˜)(Y˜ , Z˜) = L
V˜
(∇˜
Y˜
Z˜)− ∇˜
Y˜
(L
V˜
Z˜)− ∇˜(L
V˜
Y˜ )Z˜(3.9)
= θ˜(Y˜ )Z˜ + θ˜(Z˜)Y˜
for any vector fields Y˜ and Z˜ on T ∗M .
Putting Y˜ = Ei, Z˜ = Ej¯ in (3.9), we get
(3.10) Ei
(
Ej¯v
k¯
)
Ek¯ = θiEj¯ + θj¯Ei.
Putting Y = Ei, Z = Ej in (3.9), we find
(3.11) θi = 0
and
(3.12) vaR ijak + Ei
(
Ejv
k¯
)
−
(
Eiv
a¯
)
Γ ajk = θjδ
k
i .
In view of (3.11), (3.10) reduces to
Ei
(
Ej¯v
k¯
)
Ek¯ = 0
from which it follows that
(3.13) vk¯ = psA
s
k +Bk
where Ask and Bk are certain functions which depend only on the variables (x
h).
The coordinate transformation rule implies that A is a (1, 1)−tensor field with
components (Ask) and B is a covector field with components (Bk). Hence, the
fibre-preserving projective vector field V˜ on T ∗M can be written in the form:
V˜ = vkEk + v
kEk = v
kEk + {psA
s
k +Bk}Ek
= HV +V B + γA
where γ is an operator applied to the (1, 1)−tensor field A and expressed locally
γA = (psA
s
k)Ek (for details related to the operator γ, see [24], p.12− 13).
Substitution (3.13) into (3.12) gives
(3.14) vaR ijak +∇jA
i
k = θjδ
k
i .
Contracting i and k in (3.14), we have
θj =
1
n
∇jA
k
k.
Finally, putting Y = Ei, Z = Ej in (3.9), we obtain
LV Γ
h
ij = θiδ
h
j + θjδ
h
i ,
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∇i∇jBl −R
a
ijl Ba +
1
2
va∇aMijl
+
1
2
(∇jv
a)Mial +
1
2
(∇iv
a)Majl −A
a
lMija
= 0
and
∇i∇jA
s
l +R
a
lji A
s
a −R
s
ajiA
a
l + v
a∇iR
s
jal + (∇iv
a)R sjal = 0,
where Mijl = ∇icjl +∇jcil −∇lcij .
Conversely, if Bh, v
h, θh and A
h
i are given so that they satisfy (i)− (v), reversing
the above steps, we see that V˜ = HV +V B + γA is a fibre-preserving projective
vector field on T ∗M with respect to the metric connection ∇˜. This completes the
proof. 
The below result follows immediately from Theorem 1 and its Proof.
Corollary 1. Let ∇ be a torsion-free linear connection on M and T ∗M be the
cotangent bundle with the modified Riemannian extension g
∇,c over (M,∇). Every
fibre-preserving projective vector field V˜ with respect to the metric connection ∇˜ is
of the form (3.8) and it naturally induces a projective vector field V on M .
3.2. Semi-Symmetry properties of the cotangent bundle with respect to
the metric connection ∇˜. Given a manifold M (dim(M) ≥ 3) endowed with a
linear connection ∇ whose curvature tensor is marked as R, for any tensor field of
S of type (0, k), k ≥ 1, the tensor field R(X,Y ).S is expressed in the form:
(R(X,Y ).S)(X1, X2, ..., Xk) = −S(R(X,Y )X1, X2, ..., Xk)
−...− S(X1, X2, ..., Xk−1, R(X,Y )Xk)
for any vector fields X1, X2, ..., Xk, X, Y on M , where R(X,Y ) acts as a derivation
on S. If R(X,Y ).S = 0, then the manifold M is said to be S semi-symmetric with
respect to the linear connection ∇. A (pseudo-) Riemannian manifold (M, g) such
that its curvature tensor R satisfies the condition
R(X,Y ).R = 0
is called a semi-symmetric space. Also, note that locally symmetric spaces are semi-
symmetric, but in general the converse is not true. The semi-symmetric space was
first studied by Cartan. Nevertheless, Sinjukov first used the name ”semi-symmetric
spaces” for manifolds satisfying the above curvature condition [18]. Later, Szabo
gave the full local and global classification of semi-symmetric spaces [19, 20]. A
(pseudo-)Riemannian manifold (M, g) is called Ricci semi-symmetric if the following
condition is satisfied:
R(X,Y ).Ric = 0,
where Ric is the Ricci tensor of (M, g). It is obvious that any semi-symmetric
manifold is Ricci semi-symmetric.
The curvature tensor R˜ of the metric connection ∇˜ on T ∗M is obtained from
the formula
R˜(Eα, Eβ)Eγ = ∇˜Eα∇˜EβEγ − ∇˜Eβ∇˜EαEγ − ∇˜[Eα,Eβ ]Eγ
with respect to the adapted frame. For the curvature tensor R˜ of the metric con-
nection ∇˜, with the help of (2.1) and (3.7), we have:
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Proposition 4. Let ∇ be a torsion-free linear connection on M and T ∗M be
the cotangent bundle with the modified Riemann extension g∇,c over (M,∇). The
curvature tensor R˜ of the metric connection ∇˜ on T ∗M satisfies the following con-
ditions:
R˜(Ei, Ej)Ek = R
h
ijk Eh
+
1
2
{∇i(∇kcjh −∇hcjk)−∇j(∇kcih −∇hcik)
−R mijk cmh −R
m
ijh ckm}Eh
R˜(Ei, Ej)Ek = R
k
jih Eh,
R˜(Ei, Ej)Ek = 0, R˜(Ei, Ej)Ek = 0, R˜(Ei, Ej)Ek = 0,
R˜(Ei, Ej)Ek = 0, R˜(Ei, Ej)Ek = 0, R˜(Ei, Ej)Ek = 0
with respect to the adapted frame {Eβ}.
Let X˜ and Y˜ be vector fields of T ∗M . The curvature operator R˜(X˜, Y˜ ) is a
differential operator on T ∗M . Similarly, for vector fields X and Y of M , R(X,Y )
is a differential operator on M . Now, we operate the curvature operator R˜(X˜, Y˜ )
to the curvature tensor R˜. That is, for all Z˜, W˜ and U˜ , we consider the condition
(R˜(X˜, Y˜ )R˜)(Z˜, W˜ )U˜ = 0. In the case, we shall call the cotangent bundle T ∗M as
semi-symmetric with respect to the metric connection ∇˜.
In the adapted frame {Eβ}, the tensor (R˜(X˜, Y˜ )R˜)(Z˜, W˜ )U˜ is locally expressed
as follows:
((R˜(X˜, Y˜ )R˜)(Z˜, W˜ )U˜) εαβγθσ(3.15)
= R˜ εαβτ R˜
τ
γθσ − R˜
τ
αβγ R˜
ε
τθσ − R˜
τ
αβθ R˜
ε
γτσ − R˜
τ
αβσ R˜
ε
γθτ .
Similarly, in local coordinates,
((R(X,Y )R)(Z,W )U) nijklm
= R nijp R
p
klm −R
p
ijk R
n
plm − R
p
ijl R
n
kpm −R
p
ijmR
n
klp .
Theorem 2. Let ∇ be a torsion-free linear connection onM and T ∗M be the cotan-
gent bundle with the modified Riemannian extension g
∇,c over (M,∇). Under the
assumption that ∇i(∇kcjh−∇hcjk)−∇j(∇kcih−∇hcik)−R
m
ijk cmh−R
m
ijh ckm =
0, where R is the curvature tensor of ∇, the cotangent bundle T ∗M is semi-
symmetric with respect to the metric connection ∇˜ if and only if the base manifold
M is semi-symmetric with respect to ∇.
Proof. We consider the conditions (R˜(X˜, Y˜ )R˜)(Z˜, W˜ )U˜ = 0 for all vector fields
X˜, Y˜ , Z˜, W˜ and U˜ on T ∗M .
For all cases α = (i, i), β = (j, j), γ = (k, k), θ = (l, l), σ = (m,m) and ε = (h, h)
in (3.15), the non-zero components of the tensor ((R˜(X˜, Y˜ )R˜)(Z˜, W˜ )U˜) εαβγθσ are
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as follows:
i) ((R˜(X˜, Y˜ )R˜)(Z˜, W˜ )U˜) hijklm(3.16)
= R˜ hijp R˜
p
klm + R˜
h
ijp R˜
p
klm − R˜
p
ijk R˜
h
plm − R˜
p
ijk R˜
h
plm
−R˜ pijl R˜
h
kpm − R˜
p
ijl R˜
h
kpm − R˜
p
ijm R˜
h
klp − R˜
p
ijm R˜
h
klp
= R hijp R
p
klm −R
p
ijk R
h
plm −R
p
ijl R
h
kpm −R
p
ijmR
h
klp
= ((R(X,Y )R)(Z,W )U) hijklm .
ii) ((R˜(X˜, Y˜ )R˜)(Z˜, W˜ )U˜) hijklm
= R˜ hijp R˜
p
klm + R˜
h
ijp R˜
p
klm − R˜
p
ijk R˜
h
plm − R˜
p
ijk R˜
h
plm
−R˜ pijl R˜
h
kpm − R˜
p
ijl R˜
h
kpm − R˜
p
ijm R˜
h
klp − R˜
p
ijm R˜
h
klp
= −R mijp R
p
klh +R
p
ijh R
m
klp +R
p
ijk R
m
plh +R
p
ijl R
m
kph
= −((R(X,Y )R)(Z,W )U) mijklh .
iii) ((R˜(X˜, Y˜ )R˜)(Z˜, W˜ )U˜) hijklm
= R˜ hijp R˜
p
klm + R˜
h
ijp R˜
p
klm − R˜
p
ijk R˜
h
plm − R˜
p
ijk R˜
h
plm
−R˜ pijl R˜
h
kpm − R˜
p
ijl R˜
h
kpm − R˜
p
ijm R˜
h
klp − R˜
p
ijm R˜
h
klp
If we assume that
R˜ hijk = ∇i(∇kcjh −∇hcjk)−∇j(∇kcih −∇hcik)
−R mijk cmh −R
m
ijh ckm = 0,
then it follows from (3.16) that (R˜(X˜, Y˜ )R˜)(Z˜, W˜ )U˜ = 0 if and only if (R(X,Y )R)(Z,W )U =
0. This completes the proof. 
Denote by R˜αβ = R˜
σ
σαβ the contracted curvature tensor (Ricci tensor) of the
metric connection ∇˜. The only non-zero component of R˜αβ is as follows: R˜ij = Rij ,
where Rij denote the components of the Ricci tensor of ∇ on M . Now we prove
the following theorem.
Theorem 3. Let ∇ be a torsion-free linear connection on M and T ∗M be the
cotangent bundle with the modified Riemannian extension g∇,c over (M,∇). The
cotangent bundle T ∗M is Ricci semi-symmetric with respect to the metric connec-
tion ∇˜ if and only if the base manifold M is Ricci semi-symmetric with respect to
∇.
Proof. The tensor (R˜(X˜, Y˜ )R˜ic)(Z˜, W˜ ) has the components
(3.17) ((R˜(X˜, Y˜ )R˜ic)(Z˜, W˜ ))αβγθ = R˜
ε
αβγR˜εθ + R˜
ε
αβθ R˜γε
with respect to the adapted frame {Eβ}.
Choosing α = i, β = j, γ = k, θ = l in (3.16), we find
((R˜(X˜, Y˜ )R˜ic)(Z˜, W˜ ))ijkl = R˜
p
ijk R˜pl + R˜
p
ijl R˜kp
= R pijk Rpl +R
p
ijl Rkp
= ((R(X,Y )Ric)(Z,W ))ijkl ,
all the others being zero. This finishes the proof. 
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For the scalar curvature r˜ of the metric connection ∇˜ with respect to g∇,c, with
the help of (3.2) we find
r˜ = R˜αβ(g∇,c)
αβ = 0.
Thus we have the following theorem.
Theorem 4. Let ∇ be a torsion-free linear connection on M and T ∗M be the
cotangent bundle with the modified Riemannian extension g˜∇,c over (M,∇). The
scalar curvature of the cotangent bundle T ∗M with the metric connection ∇˜ with
respect to g˜∇,c vanishes.
Next, we shall apply the differential operator R˜(X˜, Y˜ ) to the torsion tensor T˜ of
the metric connection ∇˜.
Theorem 5. Let ∇ be a torsion-free linear connection on M and T ∗M be the
cotangent bundle with the modified Riemannian extension g∇,c over (M,∇). Then
R˜(X˜, Y˜ ).T˜ = 0 for all vector fields X˜ and Y˜ on T ∗M , where T˜ is the torsion tensor
of the metric connection ∇˜ if and only if the base manifold M is semi-symmetric
with respect to ∇.
Proof. The differential operator R˜(X˜, Y˜ ) applied the torsion tensor T˜ of the metric
connection ∇˜ is in the form:
((R˜(X˜, Y˜ )T˜ )(Z˜, W˜ )) εαβγθ
= R˜ εαβτ T˜
τ
γθ − R˜
τ
αβγ T˜
ε
τθ − R˜
τ
αβθ T˜
ε
γτ
with respect to the adapted frame {Eβ}. It follows immediately that
((R˜(X˜, Y˜ )T˜ )(Z˜, W˜ )) hijkl = R˜
h
ijmT˜
m
kl + R˜
h
ijmT˜
m
kl
−R˜ mijk T˜
h
ml − R˜
m
ijk T˜
h
ml − R˜
m
ijl T˜
h
km − R˜
m
ijl T˜
h
km
= ps(R
m
ijh R
s
klm + R
m
ijk R
s
mlh +R
m
ijl R
s
kmh)
= −ps((R(X,Y )R)(Z,W )U)
s
ijklh ,
otherwise = 0
which finishes the proof. 
On an n−dimensional Riemannian manifold (M, g), it was defined a generalized
(0, 2)−symmetric Z tensor given by [14]
Z(X,Y ) = Ric(X,Y ) + φg(X,Y )
for all vector fields X and Y on M , where where φ is an arbitrary scalar func-
tion. Analogous to this definition, it may be locally define generalized Z˜ tensor on
(T ∗M, g∇,c) with respect to the metric connection ∇˜ as follows:
Z˜αβ = R˜αβ + φ˜(g∇,c)αβ .
Putting the values of R˜αβ and g∇,c in the above equation, we have the non-zero
components
Z˜ij = Rij + φ˜cij ,(3.18)
Z˜ij = φ˜δ
i
j,
Z˜ij = φ˜δ
i
j.
We can state the following theorem.
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Theorem 6. Let ∇ be a torsion-free linear connection on M and T ∗M be the
cotangent bundle with the modified Riemannian extension g∇,c over (M,∇). The
cotangent bundle T ∗M is Z˜ semi-symmetric with respect to the metric connection
∇˜ if and only if the base manifold M is Ricci semi-symmetric with respect to ∇.
Proof. The tensor (R˜(X˜, Y˜ ).Z˜)(Z˜, W˜ ) has the components
(3.19) ((R˜(X˜, Y˜ ).Z˜)(Z˜, W˜ ))αβγθ = R˜
ε
αβγZ˜εθ + R˜
ε
αβθ Z˜γε
with respect to the adapted frame {Eβ}.
By choosing α = (i, i), β = (j, j), γ = (k, k) and θ = (l, l) in (3.19), in view of
(3.18) we find the only non-zero component
((R˜(X˜, Y˜ ).Z˜)(Z˜, W˜ ))ijkl
= R˜ hijk Z˜hl + R˜
h
ijk Z˜hl + R˜
h
ijl Z˜kh + R˜
h
ijl Z˜kh
= R hijk (Rhl + φ˜chl) +
1
2
{∇i(∇kcjh −∇hcjk)
−∇j(∇kcih −∇hcik)−R
m
ijk cmh −R
m
ijh ckm}φ˜δ
h
l
+R hijl (Rkh + φ˜ckh) +
1
2
{∇i(∇lcjh −∇hcjl)
−∇j(∇lcih −∇hcil)−R
m
ijl cmh −R
m
ijh clm}φ˜δ
h
k
= R hijk Rhl +R
h
ijl Rkh
= (R(X,Y )Ric)ijkl ,
from which the proof follows. 
3.3. Conharmonic Curvature tensor on the cotangent bundle with re-
spect to the metric connection ∇˜. We recall that the conharmonic curva-
ture tensor V on an n−dimensional Riemannian manifold (M, g) is defined as a
(4, 0)−tensor by the formula
Vijkl = Rijkl −
1
n− 2
[Rjkgil −Rikgjl −Rjlgik +Rilgjk] ,
where Rijkl and Rij are respectively the components of the Riemannian curvature
tensor and the Ricci tensor. The conharmonic curvature tensor was first introduced
by Ishii (see, [12]). A Riemanian manifold whose conharmonic curvature tensor
vanishes is called conharmonically flat.
Analogous to the conharmonic curvature tensor with respect to a Levi–Civita
connection ∇, it may be given the conharmonic curvature tensor V˜ on T ∗M with
respect to the metric connection ∇˜ as follows:
V˜αβγε = R˜αβγε−
1
2(n− 1)
[
R˜βγ(g∇,c)αε − R˜αγ(g∇,c)βε − R˜βε(g∇,c)αγ + R˜αε(g∇,c)βγ
]
.
Next we prove the following theorem:
Theorem 7. Let ∇ be a torsion-free linear connection on M and T ∗M be the
cotangent bundle with the modified Riemannian extension g˜∇,c over (M,∇). The
cotangent bundle T ∗M is locally conharmonically flat with respect to the metric
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connection ∇˜ if and only if the base manifold M is Ricci flat with respect to ∇ and
the components cij of c satisfy the condition
∇i(∇kcjh −∇hcjk)−∇j(∇kcih −∇hcik) +R
m
ijk cmh −R
m
ijh ckm = 0,
where R mijk denote the components of the curvature tensor R of ∇.
Proof. If the components of the curvature tensor R˜ of the metric connection ∇˜ on
T ∗M satisfy the following equations:
(3.20a)
R˜αβγε =
1
2(n− 1)
[
R˜βγ(g∇,c)αε − R˜αγ(g∇,c)βε − R˜βε(g∇,c)αγ + R˜αε(g∇,c)βγ
]
,
then T ∗M is said to be locally conharmonically flat with respect to the metric
connection ∇˜.
On lowering the upper index in the proposition 4, we obtain the components of
the (0, 4)−curvature tensor of the metric connection ∇˜ as follows:
R˜ijkl = +
1
2{∇i(∇kcjl −∇lcjk)−∇j(∇kcil −∇lcik)
+R mijk cml − R
m
ijl ckm}
R˜ijkl = R
l
ijk
R˜ijkl = R
k
jil
otherwise = 0.
Putting the values of R˜αβγε, R˜αβ and (g∇,c)βε respectively in (3.20a), we have
∇i(∇kcjl −∇lcjk)−∇j(∇kcil −∇lcik) +R
m
ijk cml −R
m
ijl ckm(3.21)
=
1
2(n− 1)
(Rjkcil −Rikcjl −Rjlcik +Rilcjk)
(3.22) R lijk =
1
2(n− 1)
(Rjkδ
l
i −Rikδ
l
j)
−R kjil =
1
2(n− 1)
(Rilδ
k
j −Rjlδ
k
i ).
Contraction i and l in (3.22) gives
R lljk =
1
2(n− 1)
(Rjkδ
l
l −Rlkδ
l
j)
Rjk =
1
2(n− 1)
(nRjk −Rjk)
Rjk =
1
2(n− 1)
Rjk(n− 1)
Rjk = 0,
that is, the torsion-free linear connection ∇ is Ricci flat. In the case, from (3.21),
it follows that
∇i(∇kcjl −∇lcjk)−∇j(∇kcil −∇lcik) +R
m
ijk cml −R
m
ijl ckm = 0.

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4. The Schouten-van Kampen connection associated to the
Levi-Civita connection of the modified Riemannian extension
The Schouten-Van Kampen connection has been introduced in [17] for a study of
non-holonomic manifolds. The Schouten-Van Kampen connection associated to the
Levi-Civita connection ∇ of the modified Riemannian extension g
∇,c and adapted
to the pair of distributions (H,V ) are defined by
(4.1) ∇
∗
X˜
Y˜ = H(∇
X˜
HY˜ ) + V (∇
X˜
V Y˜ )
for all vector fields X˜ and Y˜ , where V and H are the projection morphism of
TT ∗M on V T ∗M and HT ∗M respectively. The formula (4.1) for ∇
∗
has been first
given by Ianus (see, [11]). By using (4.1) and (3.3), the Schouten-Van Kampen
connection associated to the Levi-Civita connection ∇ of the modified Riemannian
extension g
∇,c are locally given by the following formulas:{
∇
∗
Ei
Ej = 0, ∇
∗
Ei
Ej = 0,
∇
∗
Ei
Ej = −Γ
j
ihEh, ∇
∗
Ei
Ej = Γ
h
ijEh,
which are the components of the horizontal lift H∇ of the torsion-free linear con-
nection ∇. Hence we get:
Proposition 5. Let ∇ be a torsion-free linear connection on M and T ∗M be the
cotangent bundle with the modified Riemannian extension g
∇,c over (M,∇). The
Schouten-Van Kampen connection ∇
∗
associated to the Levi-Civita connection ∇ of
the modified Riemannian extension g∇,c and the horizontal lift
H∇ of the torsion-
free linear connection ∇ to T ∗M coincide to each other.
In view of Proposition 3, Proposition 5, Theorem 2 and its proof, it immediately
follows the final result.
Theorem 8. Let ∇ be a torsion-free linear connection on M and T ∗M be the
cotangent bundle with the modified Riemannian extension g∇,c over (M,∇). The
cotangent bundle T ∗M is semi-symmetric with respect to the Schouten-Van Kampen
connection ∇
∗
associated to the Levi-Civita connection ∇ of the modified Riemann-
ian extension g∇,c if and only if the base manifold M is semi-symmetric with respect
to ∇.
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